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Abstract
We introduce the new class of submanifolds of co-Banach type in tame
Fre´chet manifolds and construct tame Fre´chet submanifolds as inverse images
of regular values of certain tame maps. Our method furnishes an easy way to
construct tame Fre´chet manifolds. The results presented are key ingredients
in the construction of affine Kac-Moody symmetric spaces; they have also
important applications in the study of isoparametric submanifolds in tame
Fre´chet spaces.
1 Introduction
In this paper we introduce and investigate a new class of submanifolds in tame
Fre´chet manifolds, which we call submanifolds of co-Banach type. Our interest
in this class of submanifolds arose from its natural emergence in Kac-Moody
geometry [15].
The study of finite dimensional submanifolds in finite dimensional ambi-
ent spaces is a well-developed field displaying connections to manifold parts of
mathematics and physics. In contrast, the theory of submanifolds in infinite
dimensional ambient spaces is much less developed. For infinite dimensional
submanifolds the most important challenge is the appropriate choice of the
functional analytic framework imposed on the submanifolds and their ambient
spaces. While the study of certain classes of submanifolds in Hilbert spaces is
a by now classical topic [32, 39, 50, 19], the investigation of submanifolds in
ambient spaces which are neither Banach- nor Hilbert spaces has not gained
much attention. Nevertheless, as in important examples the functional an-
alytic nature of the ambient space is determined by geometric or algebraic
requirements, submanifolds in ambient spaces, which are not Banach spaces,
occur naturally.
The author’s interest in this topic arose from constructions in affine Kac-
Moody geometry. Thus let us sketch in some lines its setting: Affine Kac-
Moody geometry is the infinite dimensional differential geometry of affine
Kac-Moody groups. Affine Kac-Moody groups can be thought of as the clos-
est infinite dimensional generalization of semisimple Lie groups [26, 34]; they
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can be described as certain torus extensions L̂(G,σ) of (possibly twisted) loop
groups L(G,σ). Correspondingly affine Kac-Moody algebras are 2-dimen-
sional extensions of (possibly twisted) loop algebras L(g, σ). Here G denotes
a compact or complex simple Lie group, g its Lie algebra and σ ∈ Aut(G)
a diagram automorphism, defining the “twist”. Imposing suitable regularity
assumptions on the loops, one obtains families of completions of the minimal
(=algebraic) affine Kac-Moody groups. This minimal algebraic loop group
consists of Laurent polynomials. Following Jacques Tits, completions defined
by imposing regularity conditions on the loops are called “analytic comple-
tions” in contrast to the more abstract formal completion. Various analytic
completions and objects closely related to them play an important role in dif-
ferent branches of mathematics and physics, especially quantum field theory,
integrable systems and differential geometry. In most instances their use is
motivated by the requirement to employ functional analytic methods or by the
need to work with manifolds and Lie groups [44], [20], [48], [51], [42], [39], [28],
[27], [25], [24], [23] and references therein. The study of functional analytic
settings suitable for infinite dimensional differential geometry was performed
for example in [30, 17, 37, 38, 18]. See also [4, 5, 2].
It turns out that for the definition of symmetric spaces associated to affine
Kac-Moody groups, one is constrained to use the completion of affine Kac-
Moody groups (resp. algebras) as groups (resp. algebras) of holomorphic
maps of C∗ into complex simple Lie groups (resp. Lie algebras) [12]. These
spaces of holomorphic maps cannot be made into Hilbert or Banach spaces;
nevertheless they carry a natural structure as Fre´chet spaces. Unfortunately
Fre´chet spaces have in general unsatisfactory analytic properties: the main
impediment to the development of a successful theory is the failure of an in-
verse function theorem. To circumvent this problem, various approaches were
proposed: in most cases these approaches proceed by picking a distinguished
subclass of Fre´chet spaces, that show better properties and allow for the proof
of an inverse function theorem. Following these lines of thought and abstract-
ing arguments developed by John Nash in the proof of his famous embedding
theorem [36], the class of tame Fre´chet spaces was defined by Richard Hamil-
ton in [21]. For tame Fre´chet spaces a convenient inverse function theorem
exists. Some applications of tame Fre´chet spaces to Lie groups and Lie alge-
bras were investigated in [41, 40].
The aim of this paper is to establish certain foundational results about
tame Fre´chet submanifolds of co-Banach type and the more restricted tame
Fre´chet submanifolds co-finite type: The functional analytic key observa-
tion is, to establish that submanifolds of co-Banach type inherit a natural
tame Fre´chet structure from their ambient tame Fre´chet manifolds resp. tame
Fre´chet spaces. This result is used as a functional analytic key observation
in a research program by the author, to construct Kac-Moody symmetric
spaces and more generally to develop Kac-Moody geometry [15, 14, 13]. It is
also used in the theory of pseudo-Riemannian affine Kac-Moody symmetric
spaces [16]. Among other things we prove an implicit function theorem and
show, that inverse images of regular values of certain maps are tame Fre´chet
submanifolds. This result is used for example in [14] in the proof, that affine
Kac-Moody groups are tame Fre´chet manifolds. Remark that our notion of a
co-Banach submanifold is stronger than other notions of submanifolds in the
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Fre´chet setting, as we require the tangential space of the submanifold to be
complemented by a Banach space.
Let us describe the content of the paper in a little more detail.
Recall first the well-known finite dimensional blueprint. In this finite di-
mensional situation there are many ways known, to construct submanifolds
Mk in some finite dimensional vector space V ∼= Rn such that n > k. Fur-
thermore any submanifold carries automatically the structure of an abstract
manifold. One of the most commonly used criteria to establish, that a subset
Mk ⊂ V n is a submanifold is the following: Let f : Rn −→ Rn−k be a smooth
map and p ∈ Rn−k a regular point (that is, a point p such that for any point
y in the inverse image y ∈ f−1(p) the differential dfy : TyR
n −→ TpR
n−k is
surjective). Then an important theorem in differential topology states, that
the inverse image
{y ∈ Rn|f(y) = p}
is a submanifold [6]. A typical application is the proof that orthogonal groups
O(n) are manifolds, by viewing them as subsets in the set of n × n-matrices
and hence as a subset in some n×n dimensional vector space. Then one shows
easily, that the identity matrix is a regular value of the map A 7→ AA∗ whose
inverse image is exactly the orthogonal group.
In this article we generalize this method to tame Fre´chet spaces. To this
end we need to provide new versions of all ingredients in this proof. Hence we
need to
• prove an implicit function theorem, adapted to our situation,
• define a new notion of a regular value,
• establish the tame Fre´chet submanifold structure.
We start in section 2 to review basic ideas and definitions about tame
Fre´chet spaces as described in [21]; then we establish a characterization of tame
Fre´chet space as subspaces of certain spaces of holomorphic maps. In section 3
we introduce the new notions of tame Fre´chet manifolds of co-Banach and co-
finite type. In section 2.4 we describe tame Fre´chet manifolds. In section 4
we prove our version of the implicit function theorem, which is based on the
Nash-Moser inverse function theorem. In the final section 5 we use this result,
to construct some tame Fre´chet submanifolds of co-finite type. This paper
is part of a research program by the author devoted to present a complete
theory of affine Kac-Moody symmetric spaces. The results of this paper form
a part of the technical core, to provide the functional analytic basics for the
theory. A special case of the main result of this paper was established in the
author’s thesis [12].
My special thanks go to the unknown referee for numerous remarks and
comments, which led to important improvements of the article.
2 Tame Fre´chet spaces
2.1 Fre´chet spaces
This introductory section collects some standard results about Fre´chet spaces,
Fre´chet manifolds and Fre´chet Lie groups. Further details or omitted proofs
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can be found in Hamilton’s article [21].
Definition 2.1 (Fre´chet space). A Fre´chet vector space is a locally convex
topological vector space which is complete, Hausdorff and metrizable.
Lemma 2.2 (Metrizable topology). A vector topology on a vector space is
metrizable iff it can be defined by a countable collection of seminorms.
Let us give some typical examples:
Example 2.3 (Fre´chet spaces).
1. Every Banach space is a Fre´chet space. The countable collection of norms
contains just one element.
2. Let Hol(C,C) denote the space of holomorphic functions f : C −→ C.
Let Kn be a collection of simply connected compact sets in C, such that⋃
Kn = C. Let ‖f‖n := sup
z∈Kn
|f(z)|. Then Hol(C,C; ‖ ‖n) is a Fre´chet
space.
Definition 2.4. A Fre´chet manifold is a (possibly infinite dimensional) man-
ifold with charts in a Fre´chet space such that the chart transition functions
are smooth.
While it is possible to define Fre´chet manifolds in this way, there are three
strong impediments to the development of analysis and geometry of those
spaces:
1. In general there is no inverse function theorem for smooth maps between
Fre´chet spaces. For counterexamples and examples pointing out features
special to Fre´chet spaces, see [21].
2. In general the dual space of a Fre´chet space is not a Fre´chet space.
3. there is no usefull topological structure on the general linear group of a
Fre´chet space known [8, 9].
To tackle these problems successfully is difficult:
Example 2.5. We take as example the space of holomorphic functions Hol(C,C).
The domain C can be interpreted as a direct limit of the sets Kn := B(0;n)
of balls of radius n around 0 with respect to inclusion; following the construc-
tion in example 2.3, example 2, we can define a sequence of norms ‖f‖n,n∈N
on Hol(C,C) by ‖f‖n := supz∈Kn |f(z)|. The space of functions on a direct
limit is an inverse limit; Hol(C,C) coincides thus with the inverse limit of a
sequence of function spaces Hol(Kn,C), where
Hol(Kn,C) :=
⋃
Kn⊂Umn
{Hol(Umn ,C)} ,
and Umn runs through all open sets containing Kn. By a choice of ap-
propriate norms on the spaces Hol(Kn,C), one can give them structures as
subspaces of Bergmann-(or Hardy-) spaces. See for example [22] and [10].
Hence Hol(C,C) can be interpreted as inverse limit of Hilbert spaces. By
categorical duality, the dual space of an inverse limit is a direct limit and vice
versa. Hence the dual space of Hol(C,C) is as a dual space not a Fre´chet
space. See also [52] and references therein.
4
Similar arguments hold for reflexive Fre´chet spaces. A detailed study may
be found in [46, 30].
The solution to the first problem is based on a more refined control of
the inverse limits. This is achieved by defining carefully chosen comparison
conditions between the various seminorms. Using this structure, the inverse
function theorems on the Hilbert-(resp. Banach-)spaces in the inverse limit
sequence piece together to give an inverse function theorem on the limit space;
this is the famous Nash-Moser inverse function theorem. In the next sections
we will formalize those concepts.
To bypass the third obstacle, we use in this paper only general linear
groups of Banach spaces. This is where the condition of complementary Ba-
nach spaces in the definition of co-Banach submanifolds in definition 3.3 is
necessary.
We have to note that there are other ways proposed of getting control over
Fre´chet spaces. A recent example is the concept of bounded Fre´chet geometry
developed by Olaf Mu¨ller [35].
2.2 Tame Fre´chet spaces
A central challenge in the development of any advanced structure theory of
Fre´chet spaces is a better control of the set of seminorms. For Fre´chet spaces
F and G and a map ϕ : F −→ G this will be done by imposing estimates
similar in spirit to the concept of quasi isometries relating the sequences of
norms ‖ϕ(f)‖n and ‖f‖m. Following [21] tame Fre´chet spaces are defined as
Fre´chet spaces that are tame equivalent to some model space of holomorphic
functions.
The prerequisite for estimating norms under maps between Fre´chet spaces
are estimates of the norms on the Fre´chet space itself. This is done by a
grading:
Definition 2.6 (grading). Let F be a Fre´chet space. A grading on F is a
sequence of seminorms {‖ ‖n, n ∈ N0} that define the topology and satisfy
‖f‖0 ≤ ‖f‖1 ≤ ‖f‖2 ≤ ‖f‖3 ≤ . . . .
Lemma 2.7 (Constructions of graded Fre´chet spaces).
1. A closed subspace of a graded Fre´chet space is a graded Fre´chet space.
2. Direct sums of graded Fre´chet spaces are graded Fre´chet spaces.
EAny Fre´chet space admits a grading. Let (F, ‖ ‖n,n∈N) be a Fre´chet space.
Then (
F˜ , ‖˜ ‖n,n∈N
)
such that F˜ := F as a vector space and ‖˜ ‖n :=
n∑
i=1
‖ ‖i is a graded Fre´chet
space. As Fre´chet spaces F and F˜ are isomorphic. In consequence the exis-
tence of a grading is not a property a Fre´chet space may satisfy or may not
satisfy. A grading is an additional structure, defined on the Fre´chet space,
which is of geometric nature. A useful notion of equivalence on the space of
gradings of a given Fre´chet space is the one of tame equivalence:
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Definition 2.8 (Tame equivalence of gradings). Let F be a graded Fre´chet
space, r, b ∈ N and C(n), n ∈ N a sequence with values in R+. The two
gradings {‖ ‖n} and {‖˜ ‖n} are called (r, b, C(n))-equivalent iff
‖f‖n ≤ C(n)‖˜f‖n+r and ‖˜f‖n ≤ C(n)‖f‖n+r for all n ≥ b .
They are called tame equivalent iff they are (r, b, C(n))-equivalent for some
choice (r, b, C(n)).
Remark that in general on a Fre´chet space, there are gradings which are
not tame equivalent. Hence the tame structure is finer than the topological
structure.
The following example is basic:
Example 2.9. Let B be a Banach space with norm ‖ ‖B . Recall that a se-
quence (fk)k∈N of elements ofB is called exponentially decreasing iff
∑
k ‖fk‖e
kn <
∞ for all n ∈ N. Denote by Σ(B) the space of all exponentially decreasing
sequences (fk)k∈N on B. On this space the following sequences of norms define
gradings:
‖f‖ln
1
:=
∞∑
k=0
enk‖fk‖B , (1)
‖f‖ln
∞
:= sup
k∈N0
enk‖fk‖B . (2)
Lemma 2.10. On the space Σ(B) the two gradings ‖f‖ln
1
and ‖f‖ln
∞
are tame
equivalent.
For the proof see [21].
Example 2.11. The space of exponentially decreasing sequences of elements
in B = C2 equipped with the Euclidean norm and the space of exponentially
decreasing sequences of elements in B = C2 together with the supremum-norm
‖(c1, c
′
1)‖B := sup(|c1|, |c
′
1|) are tame Fre´chet spaces.
Let us give an intuitive characterization of tame spaces which seems not
be in the literature:
Lemma 2.12. Let B be a complex Banach space. The space Σ(B) of expo-
nentially decreasing sequences in B is isomorphic to the space Hol(C, B) of
B-valued holomorphic functions.
Proof. We prove the inclusions Σ(B) ⊂ Hol(C, B) and Hol(C, B) ⊂ Σ(B):
Let first f ∈ Hol(C, B) with a series expansion:
f(z) =
∞∑
k=0
fkz
k.
The coefficients fk are elements of B and we have to show that the sequence
(fk) is an exponentially decreasing sequence. In view of lemma 2.10 we have
to establish, that the l∞-norm is bounded. To deduce some estimate for fk
we need three ingredients:
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1. As f(z) is an entire function the Taylor series expansion f(z) =
∑∞
n=0 fkz
k
converges for all z ∈ C absolutely - hence
sup
z∈B(0,en)
|f(z)| <∞ for all n .
2. Differentiation of f yields the identity fk =
1
k!f
(k)(0).
3. The Cauchy inequality [3], 2.1.20: Let f be holomorphic on B(0, r).
Then ∣∣∣f (k)(0)∣∣∣ ≤ k! supz∈B(0,r) |f(z)|
rk
.
Using these ingredients we get for n ∈ N
sup
k
|fk|e
nk = sup
k
∣∣∣∣∣f (k)(0)k!
∣∣∣∣∣ ekn ≤
≤ sup
k
ekn
k!
∣∣∣∣k! supz∈B(0,en) |f(z)|enk
∣∣∣∣ =
= sup
z∈B(0,en)
|f(z)| ≤ ∞ .
Hence
‖f‖ln
∞
<∞ .
Conversely for any exponentially decreasing sequence (fn)n∈N, fn ∈ B we
claim, that
f(z) :=
∞∑
n=0
fnz
n .
defines a B-valued entire holomorphic function. To see this we use for U ⊂
B(0, en) the estimate
|f(z)| =
∣∣∣∣∣∑
k
fkz
k
∣∣∣∣∣ ≤∑
k
|fk||z
k| ≤
∑
|fk|e
kn <∞ for z ∈ U .
Corollary 2.13. Let B be a real Banach space and BC its complexification.
Then Σ(B) consists of all BC-valued holomorphic functions on C such that
f(z) = f(z) .
Example 2.14. The prototypical example is the choice B := C. Then we
find
Σ(C) :=
{
(ak)k∈N0 ∈ C |
∑
k
|ak|e
kn <∞ ∀n ∈ N
}
.
Hence Σ(C) = Hol(C,C).
Let F , G, G1 and G2 denote graded Fre´chet spaces.
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Definition 2.15 (Tame linear map). A linear map ϕ : F −→ G is called
(r, b, C(n))-tame if it satisfies the inequality
‖ϕ(f)‖n ≤ C(n)‖f‖n+r for all n ≥ b.
ϕ is called tame iff it is (r, b, C(n))-tame for some (r, b, C(n)).
Remark that tameness of a map does depend on the choice of the set of
norms. Two different sets of norms generating the same topology may define
different tame structures [21].
Definition 2.16 (Tame isomorphism). A map ϕ : F −→ G is called a tame
isomorphism iff it is a linear isomorphism and ϕ and ϕ−1 are tame maps.
Definition 2.17 (Tame direct summand). F is a tame direct summand of
G iff there exist tame linear maps ϕ : F −→ G and ψ : G −→ F such that
ψ ◦ ϕ : F −→ F is the identity.
Hence tame direct summands are defined by one-sided inverses. A tame
Fre´chet space is now defined as a tame direct summand of a model space.
Definition 2.18 (Tame Fre´chet space). F is a tame Fre´chet space iff there is
a Banach space B such that F is a tame direct summand of Σ(B).
In view of 2.12 and corollary 2.13 tame Fre´chet spaces are essentially spaces
of holomorphic maps. Let us remark the following result of [21]:
Lemma 2.19 (Constructions of tame Fre´chet spaces).
1. A tame direct summand of a tame Fre´chet space is tame.
2. A Cartesian product of two tame Fre´chet spaces is tame.
For the omitted proofs and additional examples see [21]. Let us review
example 2.3.
Example 2.20. 1. Banach spaces, are trivially tame Fre´chet spaces with
B →֒ Σ(B), b 7→ (b, 0, 0, . . . ) which is trivially exponentially decreasing .
2. For the space of holomorphic functions on C tameness depends on the
sequence of norms and hence on choice of the compact subsets Kn.
• The sequence of norms ‖f‖Kn := sup
z∈Kn
|f(z)| is graded iffKn ⊂ Kn+1.
• Let B(0;n) := {x ∈ C|‖x‖ ≤ n} and
‖f‖n := sup
z∈B(0;n)
|f(z)| .
The tame Fre´chet space (Hol(C,C; ‖ ‖n) is (r, b, C(n) ≡ 1)-tame
equivalent to the Fre´chet space (Hol(C,C; ‖ ‖Kn ) iff there are some
integers b, k ≥ 0 such that B(0;n) ⊂ Kn+k ⊂ B(0, n + 2k) for all
n ≥ b.
We now describe some nonlinear concepts in the category of tame Fre´chet
spaces: we start by extending the concept of tame maps from linear to non-
linear maps:
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Definition 2.21. A nonlinear map Φ : U ⊂ F −→ G is called (r, b, C(n))-
tame iff it satisfies the inequality
‖Φ(f)‖n ≤ C(n)(1 + ‖f‖n+r)∀n > b .
Φ is called tame iff it is (r, b, C(n))-tame for some (r, b, C(n)).
Example 2.22. Let F and G be Banach spaces (hence the collection of norms
consists of one norm) and Φ : F −→ G is a (r1, b1, C1)-tame isomorphism with
a (r2, b2, C2)-tame inverse Φ
−1. If b1 ≥ 2 and b2 ≥ 2 the condition on the
norms vanishes. If b1 = r1 = b2 = r2 = 0 we get
‖Φ(f)‖ ≤ C1(1 + ‖f‖) and ‖Φ
−1(g)‖ ≤ C2(1 + ‖g‖) .
After some elementary manipulations we find
1
C2
‖f‖ − 1 ≤ ‖Φ(f)‖ ≤ C1(1 + ‖f‖) .
This is the definition of a quasi-isometry [7]. Hence for Banach spaces tame
isomorphisms are exactly quasi-isometries.
This example highlights the real nature of the tameness condition: The
tameness condition is a notion of quasi-isometries, adapted to the functional
analytic setting of Fre´chet spaces. Different tame structures on the same
Fre´chet spaces can be viewed as a generalization of the notion of different
quasi-isometry classes on the same topological space.
Lemma 2.23 (Construction of tame maps). Let Gi,i=1,...k be tame Fre´chet
spaces and define G =
⊗k
i=1Gi.
1. Let Φ : U ⊂ F −→ G be a tame map. Define the projections πi : G −→
Gi, i = 1, . . . , n. The maps
Φi := πi ◦Φ : U −→ Gi
are tame as well.
2. Let Φi : U ⊂ F −→ Gi,i∈1,...,k be (ri, bi, Ci(n))-tame maps. Then the
map
Φ := (Φ1, . . . ,Φk) : U −→ G
is
(
max(ri),max(bi),
k∑
i=1
Ci(n)
)
-tame.
Proof.
1. Projections onto a direct factor are (0, 0, (1)n∈N)-tame. The composition
of tame maps is tame. Thus Φi is tame.
2. By induction on k it is enough to show this in the special case k = 2.
Let f ∈ U ⊂ F .
‖Φ(f)‖n = ‖Φ(f)‖
1
n + ‖Φ(f)‖
2
n ≤
≤ C1(n)(1 + ‖f‖n+r1) + C2(n)(1 + ‖f‖n+r2) ≤
≤ C1(n)(1 + ‖f‖n+max(r1,r2)) + C2(n)(1 + ‖f‖n+max(r1,r2)) =
≤ (C1(n) + C2(n))(1 + ‖f‖n+max(r1,r2))
for all n ≥ max(b1, b2).
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Remark 2.24. The conclusion of the second part of Lemma 2.23 is correct only
for finite products.
2.3 The Nash-Moser inverse function theorem
The ultimate reason for the introduction of the category of tame Fre´chet
spaces and tame maps is the Nash-Moser inverse function theorem. We quote
the version of [21], theorem 1.1.1.:
Theorem 2.25 (Nash-Moser inverse function theorem). Let F and G be tame
(Fre´chet) spaces and Φ : U ⊆ F −→ G a smooth tame map. Suppose that the
equation for the derivative DΦ(f)h = k has a unique solution h = V Φ(f)k
for all f ∈ U and all k and that the family of inverses V Φ : U ×G −→ F is
a smooth tame map. Then Φ is locally invertible, and each local inverse Φ−1
is a smooth tame map.
A description of this theorem, a proof and some of its applications may be
found in the article [21].
The crucial difference to the well-known inverse function theorem for Ba-
nach spaces is the following: In the classical inverse function theorem for
Banach spaces it is enough to assume that the differential is invertible in a
single point, to deduce invertibility of the function in a whole open neigh-
borhood U ∋ p. Hence invertibility in one point is enough to get nonlocal
information. The important additional assumption in the situation of Fre´chet
spaces is that the invertibility of the differential has to be assumed not only
in a single point p but in a small neighborhood U around p.
This additional condition is necessary [21] because in contrast to the Ba-
nach space situation it is not true in the Fre´chet space case that the existence
of an invertible differential in one point leads to invertibility in a neighbor-
hood. Remark that this is a condition, that changes significantly the behavior
of functions with respect to invertibility.
Let us quote the following result [21], theorem 3.1.1. characterizing the
family of smooth tame inverses.
Theorem 2.26. Let L : (U ⊆ F ) × H −→ K be a smooth tame family of
linear maps. Suppose that the equation
L(f)h = k
has a unique solution h for all f and k and that the family of inverses V (f)k =
h is continuous and tame as a map from K to H. Then V is also a smooth
tame map to H.
V : (U ⊆ F )×K −→ H.
2.4 Tame Fre´chet manifolds
Let us now introduce the notion of a tame Fre´chet manifold [21].
Definition 2.27 (Tame Fre´chet manifold). A tame Fre´chet manifold is a
Fre´chet manifold with charts in a tame Fre´chet space such that the chart
transition functions are smooth tame maps.
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Example 2.28. In view of example 2.22, a Banach manifold is a tame Fre´chet
manifold iff it admits an atlas such that the chart transition functions are
quasi-isometries.
Definition 2.29. Let M and N be two tame Fre´chet manifolds modeled on
F resp. G.
• A map f : F −→ N is tame if for any chart ψ : N → Uψ ⊂ G the
concatenation
f ◦ ψ : F −→ Uψ
is tame whenever it is defined.
• Amap f :M −→ N is tame iff for every pair of charts ψi : Vi ⊂ N −→ V
′
i
and ϕj : Ui ⊂M −→ U
′
i , the map
ψi ◦ f ◦ ϕ
−1
j : U
′
i −→ V
′
i
is tame whenever it is defined.
3 Submanifolds of co-Banach and co-finite
type
In this section we introduce the new notion of tame Fre´chet submanifolds of
co-Banach type and tame Fre´chet submanifolds of co-finite type. In a first
subsection we start with a review of common finiteness conditions before we
introduce the new classes of tame Fre´chet submanifolds in the second subsec-
tion.
3.1 Finiteness conditions
An incautious generalization of notions of finite differential geometry to the in-
finite dimensional situation usually fails. To preserve the validity of nontrivial
results in most instances finiteness conditions are required. These finiteness
conditions tend to be either of functional analytic nature (i.e. convergence
of certain infinite sums) or of geometric nature (finiteness requirements on
certain objects). Typical examples (which are also the most important ones
for the applications in Kac-Moody geometry, which we have in mind) are
• Fredholm conditions and compactness conditions,
• finite codimensions.
These conditions were introduced in various settings for different reasons.
For example in her theory of isoparametric submanifolds in Hilbert spaces
Chuu-Lian Terng [50] requires submanifolds to fulfill a Fredholm condition
and a finite codimension condition. These conditions were introduced with the
aim, to define an appropriate class of submanifolds to study infinite dimen-
sional algebraic topology, especially infinite dimensional Morse theory. The
proper-Fredholm condition assures, that Morse functions have only critical
points of finite index. As the infinite dimensional sphere is contractible [31],
this is a necessary condition for the development of Morse theory. The re-
quirement for a submanifold to have finite codimension makes the normal
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bundle into a finite dimensional vector bundle. Both conditions together are
required in the concept of proper-Fredholm submanifolds as defined by Chuu-
Lian Terng [50, 39]. Let us recall her definitions:
Let V be a Hilbert space and M ⊂ V an immersed submanifold with finite
codimension, TM its tangent bundle and ν(M) its normal bundle. Denote by
N≤rM the disc-normal bundle of M consisting of discs of radius r. Define the
endpoint map by Y : ν(M)→ V, x 7→ x+ v for x ∈M and v ∈ ν(M)x.
Using these notations proper Fredholm submanifolds are defined as fol-
lows [50, 39]:
Definition 3.1 (proper-Fredholm submanifolds). An immersed submanifold
M ⊂ V of finite codimension is called proper Fredholm (abbreviated PF) if
the restriction of the endpoint map Y : ν(M) −→ N≤rM is proper Fredholm.
Definition 3.2. An immersed PF-submanifold f : M −→ V of a Hilbert
space V is called isoparametric if
1. codim(M) is finite.
2. ν(M) is globally flat.
3. for any parallel normal field v onM , the shape operators Av(x) and Av(y)
are orthogonally equivalent for all x, y in M .
This class of submanifolds in Hilbert spaces are the guiding examples for
the introduction of tame Fre´chet submanifolds of co-finite type.
3.2 Tame Fre´chet submanifolds of co-finite type and
of co-Banach type
Tame Fre´chet submanifolds of co-finite type are central objects of affine Kac-
Moody geometry. They are a special case of the more general tame Fre´chet
submanifolds of co-Banach type.
Definition 3.3 (Tame Fre´chet submanifold of co-Banach type). Let F be a
tame Fre´chet spaces and N a tame F -manifold. A subset M ⊂ N is a tame
Fre´chet submanifold of co-Banach type in F iff the following is true: There is
a complemented subspace B ⊂ F which is a Banach space with a complement
F0 (hence F = B × F0), such that for every point m ∈M there are open sets
U(m) ⊂ N , V (m) ⊂ F and a tame Fre´chet chart ϕm : U(m) −→ V (m) ⊂ F
such that
ϕM (M ∩ U(m)) = F0 ∩ V (m) .
In important applications, for example in the context of isoparametric
submanifolds, it is enough to consider finite dimensional Banach spaces. Let
us thus introduce the following definition:
Definition 3.4 (Tame Fre´chet submanifold of co-finite type). A tame Fre´chet
submanifold of co-Banach type is called of co-finite type if there is some n ∈ N
such that B = Rn.
To justify the name “tame Fre´chet submanifold” in the above definitions
we have to establish, that the subset is actually a submanifold. This is the
purpose of the following lemma:
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Lemma 3.5. A submanifold of co-Banach type is a tame Fre´chet manifold.
Proof. Let N be a tame Fre´chet manifold and M ⊂ N a submanifold of
co-Banach type. We endow M with the induced topology. To prove the
lemma we construct an atlas for M . Hence we show that there are charts,
such that each point is in at least one chart and such that the chart transition
functions are smooth tame maps. To this end we define charts via the maps
ϕm : U(m) −→ V (m) as follows: For each point m ∈M we define a chart by
ϕM,m :M ∩ U(m) −→ F0 ∩ V (m). We have to establish that chart transition
functions are tame functions.
As N is a tame Fre´chet manifold, chart transition function ϕm′ ◦ ϕ
−1
m for
charts ϕm′ and ϕm′ are tame maps, whenever they are defined. Hence the
restriction of the chart transition functions ϕm′ ◦ ϕ
−1
m to M are also tame
Fre´chet maps, whenever they are defined.
In the following result we describe the tame Fre´chet structure on a tame
Fre´chet submanifold of co-Banach type. The key observation is, that the tame
structure on the ambient manifold actually induces a natural tame structure
on the submanifold. A map from a tame Fre´chet space into a tame subamnifold
of co-Banach type is tame iff it is tame as a map into the ambient space. This
result is an important ingredient in the proof that affine Kac-Moody groups
are tame Fre´chet Lie groups in [12].
Theorem 3.6. Let M ⊂ F be a tame Fre´chet submanifold of co-Banach type
and let i :M →֒ F denote the inclusion map. Let H be a tame Fre´chet space.
A map ϕM : H −→M is tame if it is tame as a map ϕF := i ◦ ϕM : H → F .
Proof. Let ϕ be tame as a map ϕF : H → F . Then the concatenation ϕi ◦ ϕ
is tame for any chart ϕ of M . Thus ϕ is tame as a map into M .
4 An implicit function theorem for tame
maps
The aim of this section is to prove that the inverse image of a “regular” point of
a tame map ϕ of a tame Fre´chet space F into a Banach space (resp. Rn, n ∈ N)
is a tame Fre´chet submanifold of co-Banach (resp. co-finite) type. Following
the finite dimensional blueprint we prove this result as a consequence of an
implicit function theorem.
Usually inverse function theorems and implicit function theorems come
in pairs. In the literature various versions of implicit function theorems for
classes of Fre´chet spaces admitting smoothing operators (i.e. tame spaces) are
proposed. See for example [47, 49, 33, 1, 45, 43, 29, 11] and references therein.
A nice implicit function theorem for maps from locally convex topological
vector spaces to Fre´chet spaces using metric estimates is described in [18].
Richard Hamilton [21] p. 212 proves the following theorem:
Theorem 4.1 (Hamilton’s implicit function theorem). Let F , G and H be
tame spaces and let Φ : U ⊂ F × G −→ H be a smooth tame map. Assume
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that whenever Φ(f, g) = 0, the partial derivative DfΦ(f, g) is surjective, and
there is a smooth tame map V (f, g)h linear in h,
V : (U ⊂ F ×G)×H −→ F ,
and a smooth tame map Q(f, g{h, k}), bilinear in h and k, such that for all
(f, g) in U and all h ∈ H we have:
DfΦ(f, g)V (f, g)h = h+Q(f, g){Φ(f, g), h} ,
so that V is an approximate right inverse for DfΦ with quadratic error Q.
Then if Φ(f0, g0) = 0 for some (f0, g0) ∈ U we can find neighborhoods of
f0 and g0 such that for all g in the neighborhood of g0 there exists an f in
the neighborhood of f0 with Φ(f, g) = 0. Moreover the solution f = Ψ(g) is
defined by a smooth tame map Ψ.
For details and a proof we refer to [21].
For the application we have in mind a far easier theorem is sufficient:
Theorem 4.2 (Implicit function theorem for tame maps). Let F be a tame
Fre´chet space, V ∼=W a Banach space. Let furthermore ϕ : U ⊂ F×V −→W
be a smooth tame map, such that the partial derivative ∂
∂(y)ϕ(z) is invertible at
z0 = (x0, y0) ∈ U (hence
∂
∂(y)ϕ(z) ∈ GL(W )). Assume furthermore ϕ(z0) = 0.
Then there exist open subsets U ′ ∈ F and U ′′ ∈ V and a smooth tame map
ψ : U ′ −→ U ′′ such that
ϕ(x, y) = 0⇔ y = ψ(x) .
The proof of this result relies on the Nash-Moser inverse function theorem.
Proof. The proof proceeds in two steps: in the first step we reformulate
the setting to prepare the use of the Nash-Moser inverse function theorem, in
the second step we apply this theorem to get an inverse function, which by
restriction yields the implicit function.
1. Prepare use of the Nash-Moser inverse function theorem. Define
the map Φ : U ⊂ F × V −→ F × W by Φ(x, y) := (x, ϕ(x, y)). As
Cartesian products of tame spaces are tame (lemma 2.19), F ×W is a
tame space; furthermore, as the identity map and ϕ(x, y) are (smooth)
tame maps, Φ is a (smooth) tame map (lemma 2.23).
The differential DΦ : TU −→ T (F ×W ) of Φ is given by the formula
DΦ(x, y)(h′, h′′) =
(
h′,
∂
∂(x)
ϕ(x, y)h′ +
∂
∂(y)
ϕ(x, y)h′′
)
for (x, y) ∈ U and (h′, h′′) ∈ T(x,y)U . As Φ is smooth alsoDΦ(x, y)(h
′, h′′)
is. Especially ∂
∂(y)ϕ(x, y) and
∂
∂(y)ϕ(z)
−1 are smooth.
The general linear group GL(W ) of the Banach space W is open in the
space of all continuous linear endomorphisms of V . Hence there is some
open neighborhood U˜ ⊂ GL(W ) of ∂
∂(y)ϕ(z). As ϕ is continuous, there
is some neighborhood U ′(z0) such that for all (x, y) ∈ U
′ the differential
∂
∂(y)ϕ(z) takes values in U˜ ⊂ GL(W ). For any (x, y) ∈ U
′ and for every
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k = (k′, k′′) ∈ F × W the equation DΦ(x, y)(h′, h′′) = (k′, k′′) has a
unique solution
(h′, h′′) = V Φ(x, y)(k′, k′′) ∈ F × V .
The map V Φ(x, y)(k′, k′′) is of a similar structure as the map DΦ:
V Φ(x, y)(k′, k′′) =
(
k′,−
∂
∂(y)
ϕ(z)−1
∂
∂(x)
ϕ(x, y)k′ +
∂
∂(y)
ϕ(z)−1k′′
)
.
As a combination of smooth tame maps, it is a smooth tame family of
inverses. In consequence, the map Φ satisfies the assumptions of the
Nash-Moser inverse function theorem, which we will apply in the next
step.
2. Apply the Nash-Moser inverse function theorem. Application
of the Nash-Moser inverse function theorem yields open neighborhoods
U0 ⊂ U and U˜0 ⊂ F ×W such that z0 ∈ U0 and Φ(z0) = (x0, 0) ⊂ U˜0
together with an inverse Φ−1 : U˜0 −→ U0 that is a smooth tame map.
Without loss of generality assume U˜0 = U˜
′
0× U˜
′′
0 such that U˜
′′
0 = U˜0∩W
and U˜ ′0 = U˜0 ∩ F . Thus we can put Φ
−1(w1, w2) = (w1, ψ(w1, w2)) for
some map ψ : F ×W → V . The map ψ is tame as V is a Banach space.
Thus
Φ(x, y) = 0⇔ y = ψ(x) .
This completes the proof.
Remark that in contrast to the Nash-Moser inverse function theorem, it is
enough, to assume invertibility of the linearization in a single point.
5 Constructing tame Fre´chet submanifolds
In this final section we establish a characterization of tame Fre´chet subman-
ifolds of co-Banach type as the inverse image of regular points and describe
some examples. We use the following definitions:
Definition 5.1 (tame Fre´chet regular point). Let F be a tame Fre´chet space,
B a Banach space and ϕ : U ⊂ F → B a tame Fre´chet map. A point p ∈ F
is called a tame Fre´chet regular point of ϕ iff the following is true:
1. the differential Dϕ(p) is in GL(B),
2. kern(Dϕ(p)) is a complemented subspace in TpF ∼= F .
Definition 5.2 (tame Fre´chet regular value). Let F be a tame Fre´chet space,
B a Banach space and ϕ : U ⊂ F → B a tame Fre´chet map. A point g ∈ B
is called a tame Fre´chet regular value of ϕ iff all points p ∈ ϕ−1(g) are tame
regular points.
The main result is the following:
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Theorem 5.3. Let F be a tame Fre´chet space and B a Banach space. Let
NF be a tame Fre´chet F -manifold and NB a Banach B-manifold, such that
the chart transition functions are quasi-isometries (hence NB is also a tame
Fre´chet manifold). Let furthermore ϕ : NF → NB be a tame Fre´chet map and
assume g ∈ NB to be a regular value for ϕ. Then ϕ
−1(g) is a tame Fre´chet
submanifold of co-Banach type.
As NF and NB are tame Fre´chet manifolds (see example 2.28), using ap-
propriate charts, this result follows from the following lemma:
Lemma 5.4. Let F be a tame Fre´chet space and B a Banach space. Let
furthermore ϕ : F → B be a tame map and assume 0 ∈ B to be a regular
value for ϕ. Then ϕ−1(0) is a tame Fre´chet submanifold of co-Banach type.
Corollary 5.5. Let F be a tame Fre´chet space. Let furthermore ϕ : F → Rn
for some n ∈ N be a tame map and assume g ∈ B to be a regular value for ϕ.
Then ϕ−1(g) is a tame Fre´chet submanifold of co-finite type.
Proof. The proof of lemma 5.4 follows the finite dimensional blueprint:
1. Prepare use of theorem 4.2 Let a ∈ ϕ−1(0). By assumption 0 is
a regular value. Hence a is a regular point. Thus F0 := kern(dϕ)p is
a complemented subspace of F . Hence we have a decomposition F =
F0 ×B. Furthermore dϕp ∈ GL(B). In consequence the map
Φ : F0 ×B −→ F0 ×B, (x, y) 7→ (x, ϕ(x, y))
satisfies the assumptions of theorem 4.2
2. Apply the implicit function theorem Hence there are open subsets U =
U ′ × U ′′ ⊂ F0 × B containing 0 and V = V
′ × V ′′ ∈ F0 × B such
that the map Φ : U −→ V is a tame Fre´chet isomorphism. Clearly
Φ : U ∩ ϕ−1(F0 −→ V ∩ F0 is an isomorphism. Hence ϕ
−1(0) is a tame
Fre´chet submanifold of co-Banach type as defined in 3.3
Example 5.6 (spheres in Fre´chet spaces). Let F be a tame Fre´chet space
which is the inverse limit of Hilbert spaces. Hence all norms are deduced from
metrics The n-unit spheres SnF := {x ∈ F |‖x‖n = 1} in F are tame Fre´chet
submanifolds of co-finite type. The same is true for intersections of finitely
many n-unit spheres.
In definition 3.2 we recalled the notion of a PF-isoparametric submanifold
in a Hilbert space. Let us extend this concept to certain Fre´chet spaces as
follows:
Definition 5.7 (isoparametric submanifold). Let F be a tame Fre´chet space
such that least one seminorm ‖ ‖k is induced by a metric 〈 , 〉k. Then we
can defined the Hilbert space Hk as the completion of F with respect to the
metric 〈 , 〉k. Then by definition F ⊂ Hk. LetM ⊂ Hk be a proper Fredholm
isoparametric submanifold. Then MF :=M ∩F ⊂ F is called a tame Fre´chet
isoparametric submanifold in F .
Lemma 5.8. MF is a tame Fre´chet submanifold of co-finite type.
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Proof. Remark that by construction the normal bundle is flat and finite di-
mensional. More precisely, it has the same dimension n as the normal bundle
of the isoparametric hypersurface H ⊂ Hk. For any point m ∈ MF there
exists an open neighborhood U(m) and a chart φm : U(m) → V (m) ⊂ F .
φ(U(m)∩MF ) ⊂ V (m) has finite codimension n. We thus can find a comple-
mentary subspace F0 ∈ F such that F = F0 × R
n and a chart φ˜ : U(m) →
V˜ (m) such that φ(U(m) ∩MF ) = F0 ∩ V˜ (m).
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